Existence of solutions for quasi-equilibrium problems in noncompact topological spaces  by Ding, Xie Ping
PERGAMON 
An Inl~mUoma Jotmml 
computers & 
mathematics 
Computers and Mathematics with Applications 39 (2000) 13-21 
www .elsevier .nl/locate/carnwa 
Existence of Solutions for 
Quasi-Equilibrium Problems in 
Noncompact Topological Spaces 
XIE PING DING 
Department ofMathematics, Sichuan Normal University 
Chengdu, Sichuan 610066, P.R. China 
(Received April 1999; accepted September 1999) 
Abstract--ln this paper, a new Fan-Browder type fixed-point theorem is proved under noncom- 
pact setting of general topological spaces. By applying the fixed-point theorem, several new existence 
theorems of solutions for quasi-equilibrium problems are proved under noncompact setting of topo- 
logical spaces. These theorems improve and generalize a number of important known results in 
literature. (~) 2000 Elsevier Science Ltd. All rights reserved. 
Keywords--Fixed point, Quasi-equilibrium problem, Compactly local intersection property, 
Topological space. 
1. INTRODUCTION 
Let X and Y be nonempty sets and 2 x be the family of all subsets of X. Let T : X ~ Y be 
a single-valued mapping, A : X --* 2 x be a set-valued mapping, f : X x Y --* R t3 {+oo}, and 
¢ : X x X --* R tJ {5=00} be functions. The quasi-equilibrium problem QEP(T, A, f)  is to find 
E X such that 
• A(~), 
f(~,T~) <_ I(y,T~c), Vy • A(~:). (1) 
The QEP(T, A, f) was introduced and studied by Noor and Oettli [1]. Cubiotti [2] and Ding [3] 
proved some existence theorems of solutions for the QEP(T, A, f) in finite-dimensional space R n 
and topological vector spaces, respectively. 
The quasi-equilibrium problem QEP(A, ¢) is to find ~ • X such that 
• A(~), 
¢(y, 5) > 0, v y • A(~). (2) 
The QEP(A, 0) has been studied by many authors, for example, see [4-8] and others. 
The QEP(T, A, f) and QEP(A, ¢) include many optimization problems, Nash type equilibrium 
problems, quasi-variational inequality problems, quasi-complementarity problems, and others as 
special cases, see [1-8] and the references therein. 
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In this paper, we first prove a new Fan-Browder type fixed-point heorem under noncompact 
setting of general topological spaces. Next, by applying the fixed-point heorem, some new 
existence theorems of solutions for the QEP(T, A, f)  and QEP(A, f)  are proved in noncompact 
setting of general topological spaces. These results include a number of important known results 
in the fields as special cases. 
2. PREL IMINARIES  
Let X and Y be two nonempty sets. We denote by 2 Y and ~(X)  the family of all subsets 
of Y and the family of all nonempty finite subsets of X, respectively. Let An be the standard 
n-dimensional simplex with vertices e0, e l , . . . ,  en. If J is a nonempty subset of {0, 1 , . . . ,  n}, we 
denote by A j  the convex hull of the vertices {ej : j E J}. A topological space X is said to be 
contractible if the identity mapping Ix of X is homotopic to a constant function. In particular, 
each convex or star-type set in a topological vector space is contractible. If X is a topological 
space, a subset A of X is said to be compactly open (respectively, compactly closed) in X if for 
any nonempty compact subset K of X, A A K is open (respectively, closed) in K. The following 
notions were introduced by Ding [9]. For any given nonempty subset A of X, we define the 
compact closure and the compact interior of A, denoted by ccl (A) and cint (A) as 
ccl (A) = N{B c x : A c B and B is compactly closed in X}, 
cint (A) = U{B c X : B C A and B is compactly open in X}, 
respectively. It is easy to see that cint (A) (respectively, ccl (A)) is compactly open (respectively, 
compactly closed) in X and for each nonempty compact subset K of X with A M K ~ q), we have 
ccl (A) N K - ClK(A N K) and cint (A) N K = intK(A ~ K) where clK(A N K) and intg(A M K) 
denote the closure and the interior of A N K in K, respectively. It is clear that a subset A of X 
is compactly open (respectively, compactly closed) in X if and only if cint (A) = A (respectively, 
ccl (A) = A). I fX  and Y are two topological spaces and G : X --+ 2 Y is a set-valued mapping, G is 
said to be transfer compactly open-valued (respectively, transfer compactly closed-valued) on X if 
for each x E X and for each compact subset K of Y with G(x)MK ~ O, y E G(x)MK (respectively, 
y ~ G(x)MK) implies that there exists a point x ~ E X such that y E intg(G(x~)MK) (respectively, 
y ~ clK(G(x')MK)). Clearly, each open-valued (respectively, closed-valued) mapping G : X --* 2 Y 
is transfer open-valued (respectively, transfer closed-valued) (see Definitions 6 and 7 of [10]) and is 
also compactly open-valued (respectively, compactly closed-valued). Each transfer open-valued 
(respectively, transfer closed-valued) mapping G : X --* 2 Y is transfer compactly open-valued 
(respectively, transfer compactly closed-valued) and the inverse is not true in general. A mapping 
G : X --* 2 Y is said to have the local intersection property on X if for each x E X with G(x) ~ O, 
there exists an open neighborhood N(x) of x in X such that Nz~N(x) G(z) ~ 0 (see [11]). The 
example in [11, p. 63] shows that a set-valued mapping with the local intersection property may 
not have the property of open inverse values. The following notion was introduced in [12]. A 
set-valued mapping G : X ~ 2 y is said to have the compactly local intersection property on X if 
for each nonempty compact subset K of X and for each x E K with G(x) ~ O, there exists a open 
neighborhood N(x) of x in X such that Nz~g(x)nK G(z) ~ O. Clearly, if G has the compactly 
local intersection property, then for any compact subset K of X, the restriction GIK : K --+ 2 Y 
of G on K has the local intersection property. It is also clear that each set-valued mapping with 
the local intersection property has the compactly local intersection property and the inverse is 
not true in general. 
The following result is Lemma 1.1 of [12]. 
LEMMA 2.1. Let X and Y be topological spaces and G : X --~ 2 Y be a set-valued mapping such 
that G has nonempty values on each compact subset K on X. Then the following conditions are 
equivalent: 
(I) G has the compactly local intersection property, 
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(II) for each compact subset K of X and for each y • Y, there exists a open subset O~ of X 
(which may be empty) such that O~ n K c G- I (y)  and K = U~Ev(O~ n K), 
(III) for each compact subset K of X ,  there exists a set-valued mapping F : X --, 2 v such 
that for each y • Y,  F - l (y )  is open or empty in X;  F- l (y)  n K C G-l(y), Vy • Y,  and 
K = U~er (F - l (y )  n K),  
(IV) for each compact subset K of X and for each x • K, there exists y • Y such that 
x • cint G- l (y)  n K and 
K = U (cint G-l(y)N K) = U (G-I(y) n K), 
yEY yEY 
(V) G-1 : y __, 2 x is transfer compactly open-valued on X .  
REMARK 2.1. Lemma 2.1 improves and generalizes Lemma 1 of [13,14]. 
The following result is contained in the proof of Theorem 1 of [15] (see also [16]). 
LEMMA 2.2. Let X be a topological space. For each nonempty subset J of {0, 1,.. . ,  n}, let F j  
be a contractible subset of X .  If  @ # J C J' implies F: C F'j, then there exists a continuous 
mapping f : A n ---* X such that f (A j )  C F j for each nonempty subset J of {0, 1,.. . ,  n}. 
LEMMA 2.3. Let X and Y be topological spaces, D be a nonempty closed subset of X ,  and 
@, k~ : X --* 2 Y be two set-valued mappings uch that q~(x) c ~g(x) for each x • X .  Suppose 
that ~- l ,g j -1  : y ~ 2 X are both transfer compactly open-valued on Y.  Then the mapping 
G : X ~ 2 v defined by 
f ¢(x), i f x•D,  
G(x) I • (x), i f x•X\D 
is such that G -1 : Y ~ 2 x is also transfer compactly open-valued on Y.  
PROOF. Since ¢(x) C gJ(x) for each x • X, we have ¢- l (y)  C qj-l(y) for each y • Y. It follows 
that 
a-l(y)= {x • X : y • G(x)} 
{x • D: y • ¢(x)}U {x • X \D:  y • ~(x)} 
(On ¢-1(y)) u [(X \ D) n ~-l(y)] 
[(D n ¢-1(y)) u (X  \ D)] n [(D n (I)-'(y)) U ~-l(y)] 
[X n ((I)-'(y) u (X \ V))] N [(D U gj-l(y)) n ((I)-l(y) u gj-l(y))] 
[•-l(y) U (X \ D)] n gj-l(y) 
¢-1(y) u [(X \ D) n gj-l(y)]. 
Hence, for each nonempty compact subset K of X, we have 
G- l (y)  n g = ((I)-l(y) n K) U [(X \ D) n gj-l(y) n g ] .  
If x E G- l (y )  n K,  then we have that either x • (I)-l(y) n K or x • (X \ D) n ~- l (y)  N K. If 
x • (I)-l(y) N K, noting that ¢-1 is transfer compactly open-valued on Y, there exists y' • Y 
such that 
x • intK (¢-1(y,) n K) C intK (G- l (y  ') N g ) .  
If x • (X \ D) N q~-l(y) n K, noting that X \ D is an open set and gj-1 is transfer compactly 
open-valued on Y, by using a similar argument, we can show that there exists y' • Y such that 
x • in tg (G- l (y  t) N K). This proves that G -1 is transfer compactly open-valued on Y. 
REMARK 2.2. Lemma 2.2 improves and generalizes Lemma 1.4 of [3] and Proposition 4.1 of [2]. 
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THEOREM 2.1. Let X be a topological space, K be a nonempty compact subset of X, and 
G : X --4 2 x be a set-valued mapping such that 
(i) G has nonempty values on each compact subset of X and satisfies one of the Conditions 
(I)-(V) in Lemma 2.1, 
(ii) for each N E Jr(X), there exists a nonempty compact contractible subset LN of X con- 
taining N such that for compact open subset U of X, the set Nxe v ( G ( x ) M L N ) is empty 
or contractible, and 
LN \g  C U cint (G- l (y)) .  (3) 
yELN 
Then there exists a point ~ E X such that }c E G(~). 
PROOF. By (i) and Lemma 2.1, we have 
K= U (c in tG- l (Y )Ag)  "
yEY 
Since K is compact, there exists N E Jr(X) such that 
K= N (c in tG- l (y )~g)  • (4) 
yEN 
For the N, consider the compact contractible set LN C X in Condition (ii). By (4), we obtain 
K MLN C U (cintG-I(Y) MLN) " 
yEN 
Noting N C LN, by (3), we have 
LN = U (cintG-l(y) MLN). (5) 
yELN 
Since LN is compact, there exists a finite set (Yo, Yl , . . . ,  Ym} C LN such that 
m 
LN = U (cintG-I(Yi) MLN) " (6) 
i=O 
Now, for each nonempty set subset J of M = (0, 1,.. . ,  m), define 
N (G(x) MLN), if N (c intG- I (y j )NLN) ~ tO, 
F J  = XENjej(CintG-t(YJ)ALN) jE J  
L N , otherwise .  
If x E Njej(cintG-l(yj)  ~ LN), then (yj : j E J) C G(x) and Fj C LN. By Assumption (ii), 
each Fj c LN is nonempty contractible and Fj  C F~, whenever J C J '  C M. By Lemma 2.2, 
there exists a continuous mapping f : A m ---* LN such that 
f (A j )  CF j ,  V JCM,  J#O.  
Let {~{}~eM be the continuous partition of unity subordinated tothe open covering {cint G- I  (Yi) 
N Llv}{eM, i.e., for each i E M, ~i : LN ---* [0, 1] is continuous such that 
{x E LN : ~{(x) # O} C cint G-l(yi) MLN C G-l(yi) 
and EiEM ~i(x) = 1 for all x E LN. Define a mapping 13 : LN --* Am by 
~(x) = (~o(x),Zl(x),... ,Zm(x)), Vx e Llv. 
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Then B(x) E Aj(x) for all x E LN, where J(x) = {j E M : 13j(x) ~ 0}. Therefore, by the 
definition of F j ,  we have 
f(l~(X)) E f (Aj(x)) C Fj(~) C G(x), Vx E LN. (7) 
Obviously, 13 o f : A m --. A m is continuous. By Browder's fixed-point heorem, there exists 
z E Am such that z =/3 o f(z).  Let ~ = f(z) ,  then, by (7), we have ~ = f (z)  = f(13(~)) C G(~). 
This completes the proof. 
REMARK 2.3. If X is a compact contractible, by letting X = K = LN for each N E 9v(X), 
Condition (ii) is satisfied automatically. Theorem 2.1 is a noncompact variant of Theorem 2 
of [8] in general topological spaces. If X is a nonempty subset of a topological vector space, then 
from Theorem 2.1, we obtain the following well-known Fan-Browder type fixed-point heorem. 
COROLLARY 2.1. Let X be a nonempty convex subset of a topologicaJ vector space, K be a 
nonempty compact subset of X ,  and G : X --* 2 X be such that 
(i) G has nonempty convex values on each compact subset of X and satisfies one of the 
Conditions (I)-(V) in Lemma 2.1, 
(ii) for each N E J:(X), there exists a compact convex subset LN of X containing N such 
that 
LN\Kc  U cintG-l(Y)" 
yELN 
Then there exists ~c E X such that ~ E G(~). 
PROOF. Since each nonempty convex subset in a topological vector space is contractible and 
G has nonempty convex values on each compact subset of X, we have that for each compactly 
open subset U of X, the set N~eu(G(x) M LN) is empty or convex, and hence, it is empty or 
contractible. The conclusion of Corollary 2.1 follows from Theorem 2.1. 
REMARK 2.4. If X is also compact, then Condition (ii) of Corollary 2.1 is satisfied trivially. If 
Condition (ii) of Corollary 2.1 is replaced by the following condition: 
(ii)' there exists a nonempty compact convex subset of X such that for each x E X \ K, 
there is an y E co (X0 U {x}) satisfying x E cint G-l(y) ,  then the conclusion of Corollary 
2.1 still holds. In fact, Condition (ii) t implies Condition (ii) of Corollary 2.1. For each 
N E ~'(X), let LN ---- co (X0 U Y), then LN is a compact convex subset of X containing N. 
By Condition (ii)', for each x E LN \ K, there exists y e co (X0 U {x}) such that x E 
cint G-l (y) .  Since x E LN = co (X0UN), we must have co (XoU{x}) C co (X0UN) = LN, 
and hence, there exists y E LN such that 
LN \ K C U cintG-l(Y)" 
y6LN 
This shows that Condition (ii) r implies Condition (ii) of Corollary 2.1. Hence, Theorem 2.1 and 
Corollary 2.1 improve and generalize Theorem 3 ~ of [17] and Theorem 1 of [18] in several aspects. 
3. EQUILIBRIUM EXISTENCE OF QEP(T,A,f) AND QEP(A,f) 
We first prove the following equilibrium existence theorem of QEP(T, A, f) .  
THEOREM 3.1. Let X be a topological space, K be a nonempty compact subset of X ,  and Y be 
a nonempty set. Let T : X --* Y, A : X --* 2 x ,  and f : X x Y - .  RU {~(x)} be such that 
(i) A has nonempty values on X and satisfies one of the Conditions (I)-(V) in Lemma 2.1, 
(ii) the set D = {x E X : x e A(x)} is closed in X ,  
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(iii) the mappings P, B : X --* 2 x defined by 
P(x) = {y • X :  f (x ,  Tx) - f (y,  Tx) > 0}, 
(iv) 
B(x) = {y • A(x): f (x,  Tx) - f(y,  Tx) > O) 
both have the compactly local intersection property, 
for each N • ~(X) ,  there exists a nonempty compact contractible subset Llv of X con- 
taining N such that for each compactly open subset U o[ X,  the set 
is empty or contractible, and for each x • LN \ K, if x ~ D, then there exists y • LN such 
that x • cint A- l (y) ;  if x E D, then there is y • LN such that x • cint ( A - l (y )  N p - l (y )  ). 
Then there exists ~ • X such that 
• A(~), 
f (k ,T~)  <_ f(y, fc), Vy • A(&), 
i.e., ~ is a solution of the QEP(T, A, f).  
PROOF. Define a mapping G : X ~ 2 X by 
B(x), i f x•D,  
G(x) = A(x), i f x•X\D.  
From Condition (iii) and Lemma 2.1, it follows that the mappings B -1, A -1 : X ~ 2 x are both 
transfer compactly open-valued on X. Note that B(x) C A(x) for each x • X and D is closed 
by (ii), by Lemma 2.3, G -1 : X ~ 2 x is also transfer compactly open-valued on X. From 
Assumptions (iv), it follows that for each N • ~'(X) and for each compactly open subset U of X, 
the set nzev(G(x)  n LN) is empty or contractible and 
LN\KC U cintG-l(Y)" 
yELN 
Hence, Condition (ii) of Theorem 2.1 holds. Now assume that for each x E D, B(x) = A(x) n 
P(x) # 0, then for each x E X,  G(x) # 0 by (i). It is easy to see that all conditions of Theorem 2.1 
are satisfied. By Theorem 2.1, there exists & E X such that & E G(&). By the definition of D 
and G, we must have {x E X : x E G(x)} C D. It follows that & E A(&)NP(&)AD. In particular, 
we obtain f(&, T&) - f(&, T&) > 0 which is impossible. Therefore, there exists & E D such that 
A(~) n P(~) = 0, that is, ~ • A(~) and f(~, T~) <_ f(y,  T~c) for all y • A(~). This completes the 
proof. 
REMARK 3.1. Theorem 3.1 improves and generalized Theorem 2.1 of [3] and Theorem 4.2 of [2] 
from topological vector spaces to general noncompact topological spaces without linear structure 
under much weaker assumptions. 
THEOREM 3.2. Let X and Y be two topological spaces and K be a nonempty compact subset 
of X .  Let T : X --* Y, A : X ~ 2 x,  and f : X x Y ~ RU {-4-o0} be such that 
(i) A has nonempty values such that A -1 : X --* 2 x is compactly open-valued on X ,  
(ii) the set D = {x • X : x E A(x)} is closed in X ,  
(iii) T and f are continuous, 
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(iv) for each N E ~(X) ,  there exists a nonempty compact contractible subset LN of X con- 
taining N such that for each compactly open subset U of X, the set 
is empty or contractible where P(x) = {y E X : f(x, Tx) - f(y, Tx) > 0} for each x E X, 
and for x E LN \ K, if x ~ D, then A(x) N LN ¢ 0; if x E D, then there is y E A(x) N LN 
satisfying f(y, Tx) < f(x, rx).  
Then there exists 5: E X such that 
E A(2), 
f(~,T2) <_ f(y,  W2), Vy E A(~). 
PROOF. Define P : X --~ 2 x by 
P(x) = {y E X :  f(x, Tx) - f(y, rx)  > 0}, Vx E X. 
Since T and S are both continuous, we have that for each y E X, p - l (y )  = {x E X : S(x,Tx) - 
S(y, Tx) > 0} is open in X, and hence, p -1  : X ~ 2 x has compactly open values. By the 
assumption, A -1 has compactly open values. It follows that the mapping B : X --~ 2 x defined by 
B(x) = A(x)n P(x) is such that the mapping B -1 = (A cl p ) - i  = A-1 N p -1  also has compactly 
open values on X, and hence, it is also transfer compactly open-valued on X. By Lemma 2.1, 
Condition (iii) of Theorem 3.1 is satisfied. By Condition (iv), for each x E LN \ K, if x ~ D, we 
have A(x) n LN ~ O, and hence, there exists y E LN such that x E A- I (y)  =c in t  A- l (y )  since 
A-l(y)  is compactly open; if x E D, we have y E LN and x E A- l (y)  n p- l (y)  =cint (A-l(y) N 
p- l (y ) )  = cint({x E A- l (y)  : f(z,  Tx) - f(y, Tx) > 0}), since the set A- l (y)  N p- l (y )  is 
compactly open. Hence, Condition (iv) implies that Condition (iv) of Theorem 3.1 is satisfied. 
It is easy to see that all conditions of Theorem 3.1 are satisfied. By Theorem 3.1, the conclusion 
of Theorem 3.2 holds. 
COROLLARY 3.1. Let X be a nonempty convex subset of a topological vector space, K be 
nonempty compact subset of X, and Y be a topologicM space. Let T : X --+ Y, A : X --~ 2 x, 
and f : X x Y --~ R U {:koo} be such that 
(i) A has nonempty convex values such that A -1 has compactly open values on X and the 
set D = {x E X : x E A(x)} is closed in X, 
(ii) T and S are both continuous uch that for each x E X, the function y ~ f(y, Tx) is 
q uasi-convex, 
(iii) there exists a nonempty compact convex subset Xo of X such that for each x E X \  (KUD), 
A(x) N co(X0 U {z}) # 0 and for each x E D \ K, {y E A(x) : f (y ,Tx)  < f(x, Tx)} n 
co (X0 n {z}) # O. 
Then there exists 3: E X such that 
]: E A(]c), 
f(~,Tfc) < f(y,~), Vy E A(]:). 
PROOF. Let P(x) = {y E X : f(y, Tx) < f(z,  Tx)} for each x E X, then each P(x) is convex 
since the function y ~ f(y, Tx) is quasi-convex. For each N E ~'(X), let LN = co (X0 AN), then 
LN is a compact convex subset of X. By using a similar argument as in the proof of Corollary 2.1 
and Remark 2.4, it is easy to show that Condition (iii) implies that Condition (iv) of Theorem 3.2 
holds. The conclusion of Corollary 3.1 follows from Theorem 3.2. 
REMARK 3.2. Corollary 3.1 improves Theorem 2.1 of [3] and Theorem 4.2 of [2]. The coercive 
Condition (iii) is weaker than those in [2,3]. The example of a set-valued mapping A satisfying 
Condition (i) of Corollary 3.1 was given in [2, p. 20]. 
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THEOREM 3.3. Let X be a topological space, K be a nonempty compact subset of X .  Let 
A:X~2 x andf :XxX- - *RU{5=oo} be such that 
(i) A has nonempty values such that A -1 : X --+ 2 x has compactly open values and the 
mapping cl A : X ~ 2 x,  defined by (cl A ) ( x ) = clA(x), is upper semicontinuous, 
(ii) f is a continuous function, 
(iii) for each N E ~(X) ,  there exists a nonempty compact contractible subset LN of X con- 
taining N such that for each compactly open subset U of X ,  the set 
is empty or contractible where D = {x E X : x E clA(x)} and P(x) = {y E X : f (x ,x )  - 
f (y ,x )  > 0} for each x E X ,  and for each x E LN \ K,  if x ~ D, then A(x) M LN ¢ 0; if 
x E D, then there is y E A(x) n LN satisfying I(Y, x) < f (x ,  x). 
Then there exists ~? E X such that Sc ~ clA(~) and f(Sc,~) < f(y,~),  Vy E A(~.). I f  we further 
assume that f (x ,  x) >_ O, for all x ~ X,  then we have that :~ E clA(~?) and f (y,  ~) >_ O, V y ~ A(~), 
i.e., i: is a solution of the QEP(A, f).  
PROOF. Since clA : X ~ 2 x is upper seraicontinuous with closed values, the set D = {x E X : 
x E clA(x)} must be closed in X. By letting Y = X,  T being the identity mapping and D being 
in place of D, it easy to see that all conditions of Theorem 3.2 are satisfied. By Theorem 3.2, 
there exists ~? E X such that ~? E clA(i:) and f(Sc, i:) _< f(y, :~), g y E A(i:). If f (x ,  x) >_ O, for 
all x E X, then we must have :~ E clA(:~) and f(y,3c) >_ O, Vy  E A(~), i.e., ~ is a solution of the 
QEP(A, f). 
REMARK 3.3. I fX  is a compact contractible space, by letting X = K = LN for each N E ~-(X), 
then Condition (iii) of Theorem 3.3 is satisfied trivially. Theorem 3.3 is a noncompact variant of 
Theorem 6.4.21 of [4], Theorem 3.1 of [5], Theorem 2.1 of [6,7], and Theorem 4 of [8] in general 
topological spaces. 
From Theorem 3.3, we obtain the following existence result for generalized quasi-equilibrium 
problems. 
THEOREM 3.4. Let X and Y be two topological spaces and K be a nonempty compact subset 
of X .  Let T : X ~ 2 ]" have a continuous election g : X ~ Y. Let A : X --, 2 x and 
¢ : X x Y x X --* R U {+c~} be such that 
(i) A satisfies Conditions O) of Theorem 3.3, 
(ii) ¢ is a continuous function, 
(iii) for each N E ~'(X), there exists a nonempty compact contractible subset LN of X con- 
taining N such that for each compactly open subset U of X ,  the set 
is empty or contractible whereD = {x E X : x E clA(x)} and P(x) = {z E X : 
¢(x,g(x) ,x)  - ¢(x,g(x) ,z)  > 0} for each x E X, and for each x E LN \ K, if x ~ D 
then A(x) A LN ¢ 0; if x E D, then there is a y E A(x) n LN satisfying ¢(z, g(x), y) < 
¢(z,g(z),z). 
Then there exist ~c E X and fl = g(~:) E T(~c) such that 
E clA(~), 
, (~,~,~) _< ¢(~,#, z), Vz e A(~). 
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f f  we further assume that ¢(x,g(x) ,x)  > O, for all x • X,  then we obtain 
• clA(~), 
¢(~, ~), z) _> 0, V z • A(~). 
PROOF. Define f : X × X --* R. t2 {+co} by 
/ (z ,x)  = ¢(x,g(x),z), V(z,z) • X × X. 
Then the conclusion of Theorem 3.4 holds from Theorem 3.3. 
REMARK 3.4. Theorem 3.4 is a noncompact variant of Corollary 5 of [8] and Theorem 3.1 of [19] 
in general topological spaces. 
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